This paper presents a method for solving the problem of global illumination for general environments, using projection of the radiance function on a set of orthonormal basis functions. Wavelet scaling functions form this basis set. The highlights of the paper are : it i points out the di culty associated with the straightforward projection of the integral operator associated with the radiance equation and proposes a method for overcoming this di culty, ii gives the data structure and algorithm for illumination solution in environments containing di use and non-di use re ecting surfaces, and iii proposes the use of bi-orthogonal wavelet for the radiance function reconstruction at the time of rendering. Actual implementation has been carried out using the Haar wavelet basis. The main reason for using Haar basis is that it makes the projection of the integral operator, as well as the computation of the inner product of the integral kernel with its basis functions much simpler. However, the algorithm and data structures presented are not restricted to the Haar basis alone.
Introduction
Computation of global illumination in an environment requires the solution of linear integral equations. In general, closed form solution does not exist for such equations. So, one resorts to numerical solution methods. Projection method 1 is one such n umerical solution method. One comes across the very rst explicit use of this method for the global illumination solution in 2 . Much recently 3, 4, 5 there has been a greater surge of interest in application of this method to the illumination problem. These methods defer in their choice and the number of basis functions for carrying out the projection. Of the various choices of basis functions the wavelets seem to have the edge over others 3, 6 because i the hierarchical decomposition and reconstruction characteristics 7 of wavelets allows the use of variable number of basis functions in the projection of functions involved in the same integral equation, ii they provide a handle 8 for adaptively deciding on the number of basis functions. So far, the application of wavelets or for that matter of projection methods to the illumination problem has been limited to the solution of radiosity equation.
In this paper we h a ve attempted to use wavelet projection method for solution of the general radiance equations. The work presented here may be seen as bringing the brute-force discretisation method of 9 and hierarchical discretisation method of 10 i n to the framework of functional projection technique. It thus opens up scopes of using higher order basis functions for use in projectionbased illumination computation methods.
The organisation of the paper is as follows. We rst describe the general radiance equation. Then discuss the functional projection and pose the diculty i n volved in projecting the integral operator involved in the equation. We then propose a solution using wavelet basis function, in particular using Haar wavelet basis function. We then provide the data structure and algorithm for the solution of radiance equation using this projection. where K rpq u; u 0 ; u 00 = rpq x; x 0 ; x 00 dx du and the parameters u; u 0 ; u 00 ranging between 0 and 1 span the atland surfaces r, p and q respectively. By similar reasoning, in 3D space K rpq will be a 6 variate function with parameters u; v; u 0 ; v 0 ; u 00 ; v 00 and each u; v pair taking the value in a unit square will span the full area of the surface. Now the expansion of the radiance and the kernel functions can simply be written as: L rpq carries subscript rpqbecause it represents re ected radiance from a point u 0 on surface p towards the point u 00 on surface q, due to the incoming radiance from all the points u of surface r. Similarly, J rpq is the appropriate resolution for the expansion of the kernel K rpq using the wavelet scaling function. The method of nding appropriate J rpq will be given in the subsequent section.
Now w e can rewrite equation 2 for the geometry in gure 1 as:
L pq u 0 ; u 00 = pq u 0 ; u 00 + L rpq u 0 ; u 00 7 Using the expansions given in equations 3 and 6 we arrive at the following set of linear equations. 10 the linear equations represent the expressions for the pre-assumed c onstant radiance over a small patch towards another small patch in an prediscretised environment; whereas in our derivation the linear equations represent the expression for the coe cients of expansion of the radiance function projected over the wavelet basis functions.
Environment with Di use and Non-di use Surfaces
The formulations derived in the previous section assumes general re ection properties for all the surfaces in the environment. As far as the computational complexity is concerned, it may be bene cial to assume that the environment also contains surfaces with di use re ection emission properties. The bene t arises from the directional independence of the radiance from the di use surfaces. So for di use surfaces the general radiance expression 2 simpli es to: 13 We now proceed to give a solution method for the global illumination in an environment, using equations 12 and 13.
Solution
The data structure and algorithm given in this section are the extensions to our earlier work for di use environment 6 .
Data Structure
We start with the data structure for the surface. For di use surfaces only a single structure of radiance is necessary. Whereas for each specular surface there will be n such structures where n is the number of surfaces visible to the specular surface. In the procedure given above the increment in the resolution of the wavelet basis means the regular subdivision of the surface in the parametric domain. Depending on whether a two-point or a three-point k ernel is being handled, 2 or 3 surfaces will be subdivided simultaneously. This seems to be inappropriate when some of the surfaces involved in the interaction are disproportionately small. This problem arises because of the uniform parameterisation of the surfaces. Each of the interacting surfaces is a unit square in the parameter space. However, the actual area may be signi cantly di erent from each other. To minimise the problem we use a concept of virtual resolution. When re nement is necessary, the resolution of the largest of the interacting surfaces is actually 3 As discussed earlier, for a function with 6 variables there are 2 6 , 1 = 6 3 w avelet basis functions.
incremented, i.e. it is subdivided whereas for the other two only the virtual resolution is incremented i.e. they are not subdivided. If originally a surface is assumed to span a unit area in the parametric domain, after the increment of the virtual resolution the same surface is assumed to span one a quarter area in the same parametric domain. As the resolution of only one of the surfaces is actually incremented, the computational complexity of the adaptive kernel projection is substantially reduced, but care must be taken while computing the projection. To be precise, both for specular and di use interaction kernel only 2 2 operations are carried out at each iteration step instead of the 2 6 in the case of specular and 2 4 in the case of di use kernel. The consequence of this change is that the data-structure for handling the directional radiance in surface becomes a bit more complicated. Figure 2 gives the pictorial representation of this modi ed data structure.
compute radiance solution 
Results
We h a ve applied the method discussed to simple environments. For the environment shown in gure 3 with an emitter, a re ector and a receiver we h a ve given here two images. Images have been created to show the direction independent radiance distribution over the receiving surface due to the changing re ecting property of the re ector. The specular surface has been modeled as rolled aluminum using Ward's re ection model 14 . Figure 4 is created by associating di use re ection property with the re ector. For this the algorithm generated 4616 two point nodes and 205346 two point interactions. Figure 5 is created by associating specular re ection property to the re ector. It required 986 two point nodes, 16301 two point i n teractions, 420625 three point directional nodes and 335811 three point i n teractions.
Discussions
In spite of the e ort of making the projection as accurate as possible, one makes the approximation by choosing a non-zero threshold and by choosing a limit on the maximum resolution J. In our case we had chosen the threshold as 0.0001 and the maximum resolution as 8. In the process, we have been able to capture the di use radiance distribution almost accurately when the re ector is di use Figure 4 . However, the same is not true when the re ector is specular Figure 5 . So for a better rendering of the computed image, smoothing in some form or other is necessary. Instead of choosing some extraneous smoothing procedure, we propose to carry out the function reconstruction using bi-orthogonal wavelets 15 , with which smoothing comes naturally. Using bi-orthogonal wavelets the expansion of a function is as follows: In our application, as one of the basis set is already Haar basis f J;k g, all we need is another wavelet basis set which is orthogonal to Haar. At present w e are experimenting with spline wavelet basis, which is orthogonal to Haar 16 , as the f 0 J;k g for the radiance reconstruction during rendering.
The radiance function computed by the method discussed in this paper is de ned from a point on a surface to a point on another surface. So if the nal purpose of the computation is rendering, which is most often the case, then it is necessary that the computation be carried out in an enclosure. However, if one is interested in rendering only one or a few number of particular views, then the enclosure requirement can be avoided by i n troducing the eye piece as a hypothetical surface into the environment 11, 1 0 . This hypothetical surface is capable of receiving illumination, so takes part in the 3 point i n teractions, but does not obstruct or re ect the illumination.
The algorithm discussed above is still not fast enough for a general environment. We attribute is to the fact that the surface subdivision is entirely dependent on the kernel. Though theoretically it seems to be correct, it may b e an overkill in the cases where the real contribution of the interacting surfaces to each other is not very signi cant. The knowledge of this information may help us in deciding on a coarser subdivision i.e. lower resolution by appropriate choice of the threshold in the kernel computation. As we do not have the exact information, one better way will be to carry out the kernel determination interactively along with the process. That is, we follow an illumination shooting step instead of a gathering step. As in the usual shooting operation we start with the emitting surfaces and then proceed to the bright-most surface till the unshot energy is minimum. The kernel computation also precedes in the same fashion, starting along with the emitter and then with the brightmost surface and so on. Adapting the algorithm given above to shooting requires minimal change.
